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Abstract 

We present a proof for the Gehring lemma in a metric measure space 
endowed with a doubling measure. As an application we show the self- 
improving property of Muckenhoupt weights. 



1 Introduction 

The following self-improving property of the reverse Holder inequality is a result 
due to Gehring |6J . Assume that / is a non-negative locally integrable function 
and 1 < p < oo. If there is a constant c such that the inequality 

f p dx] ' < c-f fdx (1.1) 

IB ) J B 

holds for all balls B of K™, then there exists e > such that 

i/p 

f p+£ dx } 



\ l/p+e p 

f p+e dx\ < cj fdx (1.2) 



for some other constant c. The theorem remains true also in metric spaces. 
However, the proof seems to be slightly difficult to find in the literature. 

The subject has been studied for example by Fiorenza [5] as well as D'Apuzzo 
and Sbordone [4], [14]. Gianazza [7] shows that if a function satisfies (jl.lj) . then 
there exists e > such that 



\ l/p+e p 

P +e dn) <c4 fdfx (1.3) 
X J Jx 



for some constant c. The result is obtained in a space of homogeneous type, with 
the assumption that < /i(A") < oo. In this paper, our purpose is to present 
a transparent proof for a version of the Gehring lemma in a metric space that 
has the annular decay property and that supports a doubling measure. 
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Also Kinnunen examines various minimal, maximal and reverse Holder in- 
equalities in [II] and [12]. Stromberg and Torchinsky prove Gehring's result 
under the additional assumption that the measure of a ball depends continu- 
ously on its radius, see [TS]. Zatorska-Goldstein [TB] proves a version of the 
lemma, where on the right-hand side there is a ball with a bigger radius. 

We present a proof of the Gehring lemma in a doubling metric measure 
space. In addition, we assume that the space has the annular decay property, 
see Section 2. This is true for example in length spaces, i.e. metric spaces in 
which the distance between any pair of points is equal to the infimum of the 
length of rectifiable paths joining them. Our method is classical and intends to 
be as transparent as possible. In particular, we obtain the result for balls in 
the sense of (jl.2l) in the metric setting instead of (|1.3[) . The proof is based on 
a Calderon-Zygmund type argument. 

The Gehring lemma has a number of possible applications. As an example 
we show that the Muckcnhoupt class is an open ended condition. The proof is 
classical and holds without the assumption of annular decay property. Moreover, 
the Gehring lemma can be applied for example to prove higher integrability of 
the volume derivative, also known as the Jacobian, of a quasisymmetric map- 
ping, see [TU] , 

2 General Assumptions 

Let (X, d, n) be a metric measure space equipped with a Borel regular measure 
/i such that the measure of every nonempty open set is positive and that the 
measure of every bounded set is finite. 

Our notation is standard. We assume that a ball B in X comes always 
with a fixed centre and radius, i.e. B = B(x,r) = {y G X: d(x,y) < r} with 
< r < oo. We denote 



and when there is no possibility for confusion we denote kB the ball B(x, kr). 
We assume in addition that /i is doubling i.e. there exists a constant Cd such 
that 



for all balls B in X. We refer to this property by calling (X,d,/j) a doubling 
metric measure space and denote it briefly X. This is different from the concept 
of doubling space. The latter is a property of the metric space (X,d), where all 
balls can be covered by a constant number of balls with radius half of the radius 
of the original ball. A doubling metric measure space is always doubling as a 
metric space. 

A good reference for the basic properties of a doubling metric measure space 
is [5] . In particular, we will need two elementary facts. Consider a ball con- 
taining disjoint balls such that their radii are bounded below. In a doubling 




H(B(x,2r)) < c d [i(B{x,r)) 



2 



space the number of these balls is bounded. Secondly, the doubling property of 
fi implies that for all pairs of radii < r < R the inequality 

n(B(x,R)) (R\ Q 
H(B(x,r)) - Cd \r) 

holds true for all x £ X. Here Q = log 2 c<j is called the doubling dimension of 
(X,d,fi). 

Given < a < 1 and a metric space {X, d, fi) with a doubling /i, we say that 
the space satisfies the a-annular decay property if there exists a constant c > 1, 
such that 

fi(B(x, r) \ B(x, (1 - S)r)) < c5 a fj,(B(x, r)) 

for all x G X, r > and < S < 1. We omit a in the notation if we do not 
care about its value. See [T] for further information on spaces that satisfy the 
annular decay property. 

Throughout the paper, constants are denoted c and they may not be the 
same everywhere. However, if not otherwise mentioned, they depend only on 
fixed constants such as those associated with the structure of the space, the 
doubling constant etc. 



3 Gehring lemma 

The following theorem is our main result. 

Theorem 3.1 (Gehring lemma). Consider (X,d,/i), where /i is doubling. Let 
1 < p < oo and f 6 Lj oc (X) be non-negative. If there exists a constant c such 
that f satisfies the reverse Holder inequality 

fVdfx) ^ < c-f fdfx (3.1) 

! / J B 

for all balls B of X , then there exists q > p such that 

f q dfi) ' q <c q l fdii (3.2) 
ib J Jib 

for all balls B of X . The constant c q as well as q depend only on the doubling 
constant, p, and on the constant in (|3.ip . 

In metric spaces with a priori more geometrical structure this can be im- 
proved. 

Corollary 3.2. In addition to the assumptions in Theorem \3.1l suppose X 
satisfies the annular decay property. Then the measure induced by f is doubling 
and (|3.ip implies 

f q dn) q <cJ fdp, (3.3) 
/ Jb 

for all balls B of X . The constant c q as well as q depend only on the doubling 
constant, p, and on the constant in (|3.1j) . 
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The following is a standard iteration lemma, see [5]. 

Lemma 3.3. Let Z : [Ri^Ife] el-* [0, oo) be a bounded non-negative func- 
tion. Suppose that for all p, r such that R\ < p < r < R 2 

Z(p) < (A(r - p)- a + B(r - p)~ p + C) + 0Z(r) (3.4) 

holds true for some constants A, B, C > 0, a > [3 > and < 9 < 1. Then 

Z(Ri) <c{a,6){A{R 2 -R 1 )- a +B{R 2 -R 1 )- 13 + C). (3.5) 

Lemma 13.31 is needed in the proof of our first key lemma: 

Lemma 3.4. Let R > 0, q > 1, k > 1 and f £ L q loc (X) non-negative. There 
exists e > such that, if for all < r < R and for a constant c 



holds, then 




The constant in (|3.7p depends on k, on the doubling constant and on the constant 
m ([3~6]) . 

Proof. Fix R > and choose r, p > such that R < p < r < 2R. Set 
f = (r — p)/k. Now 

B(x,p)c |J B(y,f/5) 

yeB(x.p) 

and by the Vitali covering theorem there exist disjoint balls {B(xi,r 
such that Xi £ B(x,p) and 

i 

These balls can be chosen so that 

J2xB{ Xi ,kf) < M (3.8) 

i 

for some constant M < 00. This follows from the doubling property of the 
space. Indeed, assume that y belongs to N balls B(xi,kf). Clearly 

B(xi,kf) C B(y,2kf) C B(y,2R). 

Remember that f and R are fixed and choose K = 20R/f. Now there are N 
disjoint balls with radius f/5 > 2R/K included in a fixed ball B(y,2R). Since 
the space is doubling, we must have N < M(K). The inequality (|3.8p follows. 
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Observe then that by the doubling property and the construction of the balls 
{B(xi,f)}i we have 

^n(B(xi,f)) <c£ J v{B{x i ,r/5)) = c i jL{U i B{x i ,r/S)) 



<cn(B(x,r)) < C ^-J KB{x,p)). 
On the other hand, B(x,p) C B(xi,2kp), so that 

fi(B(x, p)) < p(B(x t ,2kp)) < c n(B(x it r)) 



P ~ Q 



V f 



Combining these two inequalities implies 

/ \ -Q 

fi(B(x,p))>c(-j r)) 
r \ -Q / „ \ —Q 



And as a consequence 

#{B{xi,r)} < c 



PJ \r-p 



i.e. the number of balls B(xi, f) is at most c(r / (r — p)) , where c depends only 
on k, on the doubling constant and Q = log 2 Cd- 
Observe that (|3.6p holds true for f , so that 

f q dp < s M**pl [ Pdp 

B(xi.f) P-{B{Xi,kr)) J B (xi,kr) 

fj,(B(x it f)) 



fdp 



(i(B(xi,kr))i \J B{XiM) 
<e[ fdfx + cfiiBixi,?)) 1 -^ [ fdp) . (3.9) 

JB(xi,kf) \JB(xiMf) ) 

We note that 

p(B(x,r)) p(B(x t ,2r)) I ' 2r\ Q 

< — 7777 ^77" < °d — < C 



p,(B(xi,f)) ~~ p(B(xi,r)) ' \f J \r - p 

from which it follows that 

/ _ \ 0(9-1) 

p{B{x l ,f)) 1 ^ q < c ( — - J ^(5(1, r)) 1 ^ 
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Together with (|3.9[) this implies 
/ f q dp < e ( f*dn 

J B(xi,f) JB(xi,kf) 



I —)'' ' \{B{x,r)) l -« ( f fdfi) . (3.10) 



Since B(x,p) C UiB(xi,r), summing over i in (|3.10[) gives 

JB(x,p) i JB(xi,f) 

<eW f q dn 

„- JB(xi,kr) 

Q(q-l) ( f \ q 

i \Jb(x>, 



< eM / f q dp 

JB(x,r) 

+ c (—) ^ /i(B(s, r)) 1 -" (—) Q ( f fdfi) 

\ T -P) \ T -P) \Jb{x,t) J 

= eM [ f«dn + c(— fiiBfar)) 1 -* ( [ fdfi) . 

JB(x,r) \ r -Pj \JB(x,r) J 

Finally, remember that R < p < r < 2R, so that 



/ fdfx < eM [ f q dn 

JB(x.p) JB(x,r) 



IB(x,p) JB{x,r) 

+ cR Qq {r - p)- Qq p(B{x, r)) l - q ( f fdp) 

\JB(x,r) J 

and furthermore 



/ f q dp < eel f q dp 

JB(x,p) JB(x,r) 



+ cR Qq (r - p)- Qq (I fdfi) 

\Jb(x.2B.) J 



<-l 

. (3.11) 



We are able to iterate this. In Lemma EL3] set 



Z(p) := / f*dn, 

J B{x,p) 



so that Z is bounded on [72, 2R]. Set also R\ = R, R2 = 2R, a = Qq and 




where c is the constant in (13.11|) . Putting 9 = ce and choosing e so small that 
ce < 1, (|3.11j) satisfies the assumptions of Lemma [3.31 with B = C = 0. This 
yields Z(R) < cA(2R - R)~^, that is 




□ 

In the following, we consider the Hardy-Littlewood maximal function re- 
stricted to a fixed ball lOOBo, that is 

Mf(x) = sup / \JW. 

BBx J B 
BclOOBo 

Clearly the coefficient 100 can be replaced by any other sufficiently big constant. 
The role of this constant is setting a playground large enough to assure that all 
balls we are dealing with stay inside this fixed ball. 

Lemma 3.5. Let f be a non-negative function in L\ oc fX) and suppose that is 
satisfies the reverse Holder inequality (|3.ip . Then for all balls Bq in X 

[ f p d{i < c\ p fi({x e 100£o : Mf{x) > A}), (3.12) 

J{x£B a :Mf(x)>\} 

for all X > ess inf b Mf with some constant depending only on p, the doubling 
constant and on the constant in (|3.ip . 

Proof. Let us fix a ball Bq with radius ro > 0. We denote {x € X : M f(x) > A} 
briefly by {Mf > A}. Let A > ess inf b Mf. Now there exists x 6 Bq so that 
Mf(x) < A. This implies that B n {Mf < A} ^ 0. For every x e B Q n {Mf > 
A}, set 

r x = dist(z, lOOBo \ {Mf > A}), 

so that B{x, r x ) C 100-Bo- Remark that the radii r x are uniformly bounded by 
2r . 

In the consequence of the Vitali covering theorem there are disjoint balls 
{B(xi 7 r Xi )}°l 1 such that 

S n {Mf > A} c [J hB u 
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where we denote = B(xi,ri). Both Bi C 100i?o and 5£>i C 100£>o for all 
i = 1,2, . . ., so they are still balls of (X, d). Furthermore, 5B, n {M/ < A} ^ 
for all i = 1, 2, . . . so that 

/ /d/z < A (3.13) 

for alH = 1, 2, We can now estimate the integral on the left side in (|3.12|) . 

A standard estimation shows that 

/ Pd^ < [ f p dfx < W Pdii 

J B n{Mf>\} JUi5Bi i J5Bi 

i J5Bi i V5Bi / 

<cPAf^M(5Bi), 

i 

where the second last inequality follows from the reverse Holder inequality and 
the last from (|3 . 1 3[) . Since /i is doubling and the balls B. L are disjoint we get 

J2K$B t ) < cJ2^) = cn(UiBi). 

i i 

By the definition of B, C 100B H {Mf > A} for all i = 1, 2, . . .. Therefore 

/ ! v d\i < cXP^Bj) < cX p fi{100B n {Mf > A}) 

ifl n{M/>A} 

for all A > ess inf Bo Mf. □ 
Remark. Note that ess inf b Mf ^ oo. 

Indeed, in the well known weak type estimate for locally integrable functions 

fi(B n {Mf > A}) < £ f fdft, 

A JlOOBo 

the right-hand side tends to zero when A — > oo. The constant c depends only 
on the doubling constant a- We can thus choose < Ao < oo so that 



f / /d/x < -MA,). 

^0 JlOOSo z 



As a consequence, 

/*(B n {M/ < A }) - n(B ) - n(B a n {M/ > A }) 
> fi(B ) -± ( fd[x> \ix{B ). 

A JlOOSn A 
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This leads to ess inf s Mf < Aq, for if ess inf b Mf > Xq, then Mf(x) > A for 
almost every x € Bq. This impossible since 

fi(B n{Mf<X }) > ^n(Bo)- 

For the reader's convenience, we present here one technical part of our proof 
as a separate lemma. 

Lemma 3.6. Let 1 < q < oo and let f S L q oc (X) be non-negative. Suppose in 
addition that f satisfies the reverse Holder inequality. Then for every ball Bq 
in X and for all 1 < p < q 

[ f q d^i < ca q ^(100B n {M f > a}) +c^— £ [ (Mf) q dfj,, 

J B n{Mf>a} 1 JlQOBo 

(3-14) 

where a = ess inf b Mf and c depends on p, the doubling constant and on the 
constant in (13.11). 



Proof. Fix a ball Bq in X. Let a = ess inf b Mf, so that Mf > a /i-a.e. on 
B . Set dv = Pdn. Now 

/ /*<*/* = [ f q - p f p dii< [ {Mf) q - p dv. 

J B a n{Mf>a} J B C]{Mf>a} J{Mf>a} 

However, for every positive measure and measurable non-negative function g 
and a measurable set E, we have 



g p dv = p / A p- V {{xeE : g(x) > A}) dX 

E JO 

for all < p < oo. This implies 

/ f q d/i <(q-p) I Xi-P-^iBo n {Mf >a}n {Mf > X})dX 

J B Q n{Mf>a} Jo 

= (q-p) I X q - p -^(B n {Mf > a})dX 
Jo 

/>oo 

+ { q -p) x q -p-^(B a n {Mf > X})dX. 

J a 

Replacing dv = f p d[i and integrating over A, we get 

a q - p f p dn 



[ f q d^< f 

J B n{Mf>a} JBq 



n{M/>a} 



+ (q-p) I X q - p -' f p dfldX. 

JB n{Mf>\} 
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We can now use Lemma [33] for both integrals on the right-hand side and obtain 
/ f q dn < ca 9 n{100B n {Mf > a}) 

JB n{Mf>a} 

poo 

+ c{q-p) / A 9 ~ V(100£?o n {Mf > \})d\. 



Then by changing the order of integration we arrive at 
/ f 9 dfi < ca q fi(100B n {Mf > a}) 

J B D{Mf>a} 

+ c(q-p) f \ q - x ( dnd\ 



'100B o n{M/>A} 

caV(100B n {Mf > a}) 
+ c(q-p) 



' lOOBo 

from which by integrating over a we conclude that 



/ / X^dXdfj,, 

JlOOBo J a 



J 

JB a n 



f q dfi < ca g fx(100B n {Mf > a}) 

n{Mf>a} 

+ / ({Mf) q -cfl)dn 

1 JlOOSo 

< ca q fx(100B n {Mf > a}) 
+ C 1^P f (Mf) q dfi. 

1 JlOOBo 



□ 



Proof of the Gehring lemma. Consider a fixed ball Bo- Set a = essinfB M/ 
and let q > p be an arbitrary real number for the moment. We divide the 
integral of f q over Bq into two parts: 



f q d/i= / f q dfi+ / f q dfi. (3.15) 

J B„n{Mf>a} J B„n{Mf<a} 

The second integral in (|3.15|) is easier to estimate, and we have 



/ f q dn< I 

J B a r\{Mf<a\ JB, 



(Mf) q dfi < aV(100Bo n {Mf < a}). 

lB D{Mf<a} JB n{Mf<a} 

It would be tempting to use Lemma 13.61 to the first integral in (|3. 1 5[) , but this 
would require / € L? oc (X). Unfortunately, that is exactly what we need to 
prove. The function / is assumed to be locally integrable and by the reverse 
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<caflii(100Bo)+c?—£ I {Mf) q dfi 



Holder inequality it is also in the local L p -space. Nevertheless, we can replace / 
with the truncated function /$ = min{/, i}. The reverse Holder inequality (|3.1|) . 
Lemmas 13.51 and 13.61 as well as the preceeding analysis hold for /j. In addition, 
fi <E L q oc (X). We continue to denote the function / but remember that from 
now on we mean the truncated function. 
With (|5T3|) we get now from (|3~T5)) 

fdfi < caV(lOOBo) n {Mf > a}) + c?—?- [ {Mffdfi 

B a 1 JlOOBo 

a q n(100B ) n {Mf < a}) 

-I 

and furthermore 

/ pdn<coP + c < ^-?-l (Mf) q dfi. 

J B a 1 JlOOBo 

This is true for all q > p. Let e > and choose q > p such that c(q — p)/p < e 
Then 

j 

J B JlOOBo 

Now that f = fi is locally g-integrable, the equation (|3.16p gives 

f f q dfi<ca q +cs-f f q dfi (3.17) 

J Bo JlOOBo 

due to the well known boundedness theorem for maximal functions, see for 
example [2]. We have chosen a such that a < M f(x) for /j,-a.e. x in Bq. Hence 

a p =l a p dfi<-f (Mf) p dfj,<c-f {Mffdn 

J Bo J B JlOOBo 

< c-f f p dfi <c(-f fdfi 

JlOOBo VIOOBo 

where we use again the estimate for the Hardy-Littlewood maximal function 
and the reverse Holder inequality. Moreover 

a q <c(-f fdfj) . (3.18) 

VIOOSo / 

From (|3.17p and (]3 . 18[) we conclude that 



f q dn <ca q + ef (Mf) q d^. (3.16) 
Jio 



d f 9 du + c(-f 



/ f q dv<ce4- f q dn + c[4 fdfi) (3.19) 

J Bo JlOOBo VIOOBo / 

for all balls Bo of X. If necessary, choose a smaller e and thus also a q closer to 
p in (|3.16p to make Lemma [3~4l hold true. Set k = 100 in the lemma to obtain 



f q dfi <c[4 fd^ q 



Bq V2B: 
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It remains to pass to the limit with i — > 00 and the theorem follows. □ 
The following proposition implies Corollary [ 



Proposition 3.7. Let (X, d, /z) satisfy the annular decay property and fi be 
doubling. Suppose that f G Lj (X) is a non-negative function satisfying (|3.1[) . 
Then the measure induced by f is doubling, i.e. 



fdfi <c fd[i 

IB J B 

for all balls B of X . The constant c depends only on the constant in (|3.1 
Proof. Define 

v{U) = f fdfi 



for U C X /^-measurable. Fix a ball B in X and let E C B be a /i-measurable 
set. Then 

jjXEd»< (J B f Pd v) \(E) l - 1,P 

< c Qf fd^j m xf *- x m x - x/ * - -(b) (^§j) 1_1/P • 

The inequalities above follow from the Holder and the reverse Holder inequali- 
ties, respectively. For all E C B this implies 

^<jmy>\ ,3.20, 



v(B) ~ Vm(-B) 

where p' is the L p -conjugate exponent of p. Since the set E in (|3.20j) is arbitrary 
we can replace it by B \ E. Therefore 

v{B) u(B) ~ \ KB) ) 1 ' 

for all E C B. If E = (1 — S)B, then by choosing < 6 < 1 small enough we 
get 

V(B\(1-6)B)\ 1/P ' ^ 1 



H(B) J 2 
by the annular decay property. It follows from (|3.21[) and (|3.22p that 

u((l - S)B) 1 
2 

and hence ^(-B) < 2i/((l — <5)-B). We are now able to iterate this. There exists 
k e N such that (1 - <5) fc < 1/2 and thus 

v(B) < 2«((1 - 5)5) < 2 fc /i((l - 5) k B) < 2 k v(^B) 
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for all balls B of X. This proves that v is doubling. Remark that the doubling 
property of fi plays no role here. □ 



For examples of spaces that satisfy the annular decay property the interested 
reader may see for example [T|. We mention here spaces supporting a length 
metric, that form a rather large subclass of such spaces. In other words, suppose 
that a metric space supports a doubling measure, and for all x and y in X it 
holds 

d(x,y) = inf length^), 

where the infimum is taken over all rectifiable paths joining x and y. Then the 
space satisfies the a-annular decay property for constants a and c that depend 
only on the doubling constant, and < 8 < 1/2. See [3] for the proof. 

4 Self— improving property of 
Muckenhoupt weights 

Throughout the section, let (X, d, p.) let be a metric space with a doubling 
measure /i. 

Muckenhoupt weights form a class of functions that satisfy one type of a 
reverse Holder inequality. More precisely, if 1 < p < oo, a locally integrable 
non-negative function w is in A p if for all balls B in X the inequality 




holds. The constant c w is called the A p -constant of w and 1/p + 1/p' = 1. 
Moreover, Ai is the class of locally integrable non-negative functions that satisfy 

wdn < c w ess inf w(x). 

for all balls B in X. In this section we show that the A p -condition is an open 
ended condition; every w G A p is also in some A p ^ £ . 

In the following lemma number 2 is not important and it can be replaced by 
any positive constant. 

Proposition 4.1. For all locally integrable non-negative functions the inequal- 
ity 




holds for all t > and all balls B in X . 

Proof. Setting g = J 1 / 2 and replacing / by it in (|4. 1[) gives an equivalent in- 
equality 

~j~ q 21 ^ ^ gdp 
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This holds by the Jensen inequality since x i— ► x 2t is a convex function on 
{ir>0}. □ 

Theorem 4.2. Let \ < p < oo and w £ A p . Then there exist a constant c and 
e > such that 

w 1+£ d^j < cj- wdfj,, (4.2) 

where the constant depends only on the A p -constant of w and on the constants 
in the Gehring lemma. 

Proof. Since A\ C A p for all p > 1, we can assume p > 1. Take an arbitrary 
ball B in X and w E A p for some p > 1 . This implies 

wd/u, I < c ( 4 w 1_p d/i 

where the right-hand side is well defined since either w > /i-a.e. or w e 0. 
By Proposition 14. II this implies 

U- wdt^j <c(J w 1/2 d[?J . (4.3) 

Now from the Gehring lemma it follows that 

w 1+e d^ < c (J w 1 / 2 d^ 

where we can use the Holder inequality and get to 

l+e 



(J- w 1+e dfj^j < c-j- wd[j, 



(4.4) 



for some e > and constant c. To see this, in (|4.3|) replace w by an auxiliarity 
function g such that w = g 2 . Then we can rewrite (|4.3[) as 

, \ 1/2 r 
g dfxj < cj- gain, 

i.e. the reverse Holder inequality for g. Gchring's lemma provides us with 5 > 
such that 

\V(2+<5) , 

g 2+S dfi) <ci gdfJl. 

'B / J2B 

This leads to ()4.4[) with e = 6/2. Finally, we recall that a Muckenhoupt weigth 
induces a doubling measure, and hence (|4.2[) follows. □ 

Corollary 4.3. Let 1 < p < oo and w 6 A p . There exists p\ < p such that 
w G A P1 . 
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Proof. Recall that w G A p if and only if w p ^ p G A p t . It follows from Theorem 
14.21 that there are e > and a constant c such that 

U (w~ p ' /p ) 1+e dfi) < cj w- p ' /p dfi. (4.5) 

In addition, 

P P- 1 Pi - 1 Pi 

where pi = p/(l + e) — 1/(1 + e) + 1. Since p > 1, pi < p. The equation (|4.5[) 



can now be written as 

l+e 



j w- p 'i /pi dn <c(J w~ p '/ p df?j 



(4.6) 



On the other hand, —p'/p = 1 — p' and thus the A p condition of w implies 

p/p' 



{j- w~ p ' /p dL?J <c(J wdn 



Raising this first to the power p'/p and then to 1 + e, we get 

l+e / r \ -p'{l+e)/ V 



(J w- p ' /p df?j <c(J wdfi 



(4.7) 



\ -pi/pi 

c \f B wd n ■ 

From (|4.6p and (|4.7p we finally conclude that 

r / f \ ~ p '^l pi 

j w - p '^ Pl d^ <c\ + wdnj 
This means that w G A P1 , where pi < p. □ 
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